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EXTENSIONS OF VALUATION RINGS IN 
CENTRAL SIMPLE ALGEBRAS 

H.H.BRUNGSANDJ.GRATER 

ABSTRACT. Certain subrings R of simple algebras Q, finite dimensional over 
their center K , are studied. These rings are called Q-valuation rings since they 
share many properties with commutative valuation rings. Let V be a valuation 
ring of K , the center of Q , and let g( be the set of Q-valuation rings R in Q 
with R n K = V , then Ig( I ~ I . This extension theorem, which does not hold 
if one considers only total valuation rings, was proved by N. I. Dubrovin. Here, 
first a somewhat different proof of this result is given and then information 
about the set g( is obtained. Theorem. The elements in g( are conjugate if 
V has finite rank. Theorem. The elements in g( are total valuation rings if g( 
contains one total valuation ring. In this case Q is a division ring. Theorem. 
I~I = I if ~ contains an invariant total valuation ring. 

Any valuation v (in the sense of Krull [17]) on a commutative field K has 
an extension to an arbitrary extension field F. If V is the valuation ring 
of. K correspondong to v this means that there exists a valuation ring B of 
F with B n K = V. If, in addition, F is a Galois extension of K then 
{a(B)la E G(F/K)} is exactly the set of valuation rings of F that intersect 
with K in V, where G(F / K) is the Galois group of F over K [11]. 

In order to consider an analogous noncom mutative situation one must decide 
on what it means to have a valuation on a division ring. Schilling [25] extended 
Krull's definition as follows: A valuation v on a division ring D is a mapping 
v from D* = D\O onto an ordered group such that v(ab) = v(a) 0 v(b) and 
v(a + b) ~ min{ v(a), v(b)} for a, b in D* (see also [26]). 

Such valuations on D correspond to subrings B of D with the following 
two properties: 

(T) If x is in D, x not in B then x -1 IS 10 B; we say B is a total 
valuation ring of D. 

(I) dBd- 1 = B for all d =I- 0 in D, i.e. B is invariant. 
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One can then consider the problem of describing the set of all invariant total 
valuation rings B in the division ring D with B n K = V where V is a given 
valuation ring in the center K of D and [D : K] < 00. The example of the 
quaternions H over the rationals shows that such an extension (even if it is not 
invariant) does not exist in general (only the 2-adic valuation can be extended) 
and Wadsworth in [28], generalizing a result by Cohn [8], showed that at most 
one such B exists. 

It was proved in [5] that total valuation rings in D that extend the same V 
are conjugate and that their number is :::; J[D : K]. Total valuation rings were 
also studied by Mathiak [20, 21]. 

Commutative valuation rings can be described as the elements with finite 
values under a place mapping. Dubrovin in [9], replacing the fields by simple 
artinian algebras, gives the following definition: A subring R of a simple ar-
tin ian algebra Q is a Q-valuation ring if R contains an ideal M such that 
Rj M is simple artinian and for each element q in Q\R there exist elements 
r l ,r2 in R with r1q,qr2 in R\M. 

A D-valuation ring R, where D is a division ring, is a total valuation ring 
of D if and only if Rj M is a division ring (Lemma 2.2). In §2 of the present 
paper we will recall some facts about Q-valuation rings and prove in §3 the 
following 

Theorem (Dubrovin). For every valuation ring V in the center K of a simple 
algebra Q, finite dimensional over K, there exists a Q-valuation ring R with 
RnK= V. 

The proof given here will avoid the transfinite argument used in [10]. 
The final two sections deal with the set 9l of Q-valuation rings that extend 

a valuation ring in the center K of a finite dimensional simple algebra Q. It is 
proved in §5 that the elements in 9l are conjugate in Q if V has finite rank. 
If V has rank 1 a real norm function is introduced in Q, that extends the 
given valuation on V and leads to a completion of Q. In §4 it is shown that 
1911 = I (and Q is a division ring) if 9l contains an invariant total valuation 
ring. All elements in 9l are total if one is total. 

Dubrovin's extension theorem does not fully generalize the commutative the-
orem cited at the beginning. Even the condition that K is in the center of Q is 
necessary: No valuation ring in Q(i) can be extended by an H-valuation ring 
in H except the extension of the 2-adic valuation. 

Finally, we mention two related results. Cohn and Mahdavi-Hezavehi in [7] 
consider invariant total valuations with abelian value groups and give conditions 
for such extensions to be possible. In [4] conditions on the chain ring Ro, 
with monomorphism a, and a-derivation i5 are given that ensure that a total 
valuation ring R exists in the Ore extension D(x, a , (5), with Ro = R n D, 
where D is the skewfield of quotients of Ro. 
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2 
Rings that can be considered as the noncommutative equivalent of commu-

tative valuation rings occur for example as coordinate rings of Hjelmslev planes 
[16], as localizations of rings with a distributive lattice of right ideals [3, 13], 
in the construction of division rings [1, 6, 15, 19, 22, 27] or as components in 
structure theorems for certain classes of rings [12, 23]. 

Rings R in the above list are all right chain rings with possibly zero divisors, 
i.e. for a, b in Reither aR ~ bR or bR c aR holds. A ring that is a right as 
well as a left chain ring is called a chain ring. The total valuation rings defined 
in section 1 are exactly the chain domains. A ring is called right invariant if all 
its right ideals are two sided and invariant if it is right and left invariant. 

Even though extensions of valuations are of central importance in the com-
mutative case, no general extension theory exists for noncommutative valua-
tions. The problem can be (somewhat loosely) formulated as follows: Let r 
be a class of rings that serve as noncommutative valuation rings. For example, 
the class of right chain rings, of total valuation rings, of invariant total valua-
tion rings, of abelian or real invariant total valuation rings. We assume that for 
every R in r there exists a certain ring Q(R) of fractions such that Q(R) is 
in a class gr consisting of the rings T with Q( T) = T . 

A ring R in r is called an extension in T of Ro in r if T is in gr 
with T = Q(R) 2Q(Ro) and R n Q(Ro) = Ro . 

Problem. For a given Ro and T describe the set of all extensions of Ro in T. 

Generalizing the notion of right chain rings to that of right n-chain rings R 
in an overring Q-i.e. for any set of n + 1 elements ao' ... ,an in Q there 
exists a j with ajR ~ I: aiR, i '" j-Dubrovin [9] arrives at the following 
definition of a Q-valuation ring, which defines a class of rings which is closed 
under Morita equivalence and rich enough to allow a very interesting extension 
theory. 

Definition 2.1. A subring R of a simple artinian algebra Q is called a Q-
valuation ring if R contains an ideal M such that Rj M is simple artinian 
and for any element q in Q\R there exist rl ,r2 in R with rl q ,qr2 in R\M. 

Matrix rings over chain domains, Azumaya algebras over commutative val-
uation rings [10] and localizations of noncomQ1utative prime Dedekind rings 
[18] provide examples for Q-valuation rings. A particular example is the ring 
R = l3 + l3i + l3 j + l3k in H, the quaternions over the rationals, which 
extends the 3-adic valuation ring l3 in Q. 

Lemma 2.2. Let R be a Q-valuation ring with Q and Rj M division rings. 
Then R is a total valuation ring. 
Proof. Assume that x is in Q\R. Then an element r in R exists with xr in 
R\M, and xrr' = 1 + m for some r' in R, m in M follows. The element 
(1 + m)-I is in R since otherwise ((1 + m)-I - l)s = u is in R\M for some 
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s in R. Then, (1 + m)((1 + m)-I - 1)s = -ms is in M; but this element is 
also equal to (1 +m)u = u+mu in R\M, a contradiction. It follows that X-I 
is in Rand R is total. 

We will now collect some results from [9 and 10] that will be used in the 
following sections. 

Let R be a Q-valuation ring as in Definition 2.1. It follows from [9] that 
then M = J(R) (the Jacobson radical of R), that every finitely generated right 
or left ideal in R is principal (i.e. R is a Bezout ring) and that R is an order 
in Q. 

The converse also holds: 

Theorem 2.3 [9]. The subring R of the simple artinian algebra Q is a Q-
valuation ring if and only if R/J(R) is simple artinian and R is a Bezout 
order of Q. 

It follows that a right chain ring R which is a Q-valuation ring is also a do-
main, since otherwise the set I of elements in R with nonzero left annihilator 
is an ideal of R consisting of zero divisors only. In that case Q is a division 
ring and R is a chain domain, i.e. a total valuation ring, since R is a right and 
left order in a division ring. 

Every simple artinian algebra Q is isomorphic to a matrix ring (D)n for a 
division ring D and some n (see [24]). The next result describes the (D)n-
valuation rings as being isomorphic to matrix rings over D-valuation rings. Our 
proof is somewhat different from the one given in [9]. 

Theorem 2.4. Let R be a (D) n -valuation ring with D a division ring. Then 
there exists a D-valuation ring T in D and a regular element d in (D)n with 
d- I Rd = (T)n' 
Proof. Let eij be the matrix unit in Q = (D)n with 1 in the (i - j)-position 
and zero elsewhere. Consider Ei,j Reij = Land L is a cyclic left R-module 
in Q, using Theorem 2.3, and L = Rd for some d in Q follows. The element 
d is regular in Q since 1 is in L. 

We show that d- I Rd = d- I L = Ei,j d- I Reij contains all the matrix units 
ekl · 

The identity 1 is contained in d- I Rd , hence 1 = Ei,j d- I rijeij for some 
rij in Rand ekl = lekl = Eid-Irikeil E d-IRd. This implies d-IRd = (T)n 
for the subring T = {all E D!(ai) E d- I Rd} of D. 

It remains to prove that T is a D-valuation ring. Since (T)n/ J((T)n) ~ 
(T/J(T))n and R/J(R) is simple artinian it follows that T/J(T) is simple 
artinian. To check the second condition let q E D\T and qell E Q\(T)n' 
Then d(qell)d- 1 E Q\R and dqelld-Ir E RV(R) for some r in R. It 
follows that qe11(d-1rd) E (T)n\J((T)n) and qSli E TV(T) for at least one 
entry s 1 i E T in the first row of the matrix d- I rd E (T) n . 
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We later need the following results [9, Lemma 7]. 

Lemma 2.5. Let R be a Q-valuation ring, Q simple artinian. Then O,(J(R)) = 
0e(J(R)) = R. 

Here, 0,(1) = {q E Qllq ~ I} is the right order of an additive subgroup I 
of Q. The left order 0e(1) is defined similarly. 

For the rest of this section let Q be a simple algebra, finite dimensional over 
its center K. We recall the following results: 

Proposition 2.6 [9]. Let R be a Q-valuation ring and sR :;::> Rs or Rs :;::> sR for 
some s in Q. Then sR' = R's for any ring R' with R ~ R' ~ Q. Further, 
sn R = kR for some natural number n and some k in K. 

The next result shows that the assumption of the previous proposition holds 
for finitely generated R-ideals if R is a maximal Q-valuation ring. 

Proposition 2.7 [9]. Let R be a Q-valuation ring and T a finitely generated 
R-ideal. Then T = sS = Ss for some s in Q and S = O,(T) = 0e(T). 

Here, an additive subgroup I of Q is called a right R-ideal if I R = I, I 
contains a regular element and aI ~ R for some regular element a in Q. An 
R-ideal is a right and left ideal. 

The next result [10, Theorem 1] describes the relationship between prime 
ideals in R (not necessarily completely prime) and prime ideals in V = R n K . 
As in the commutative case, the overrings of R can be described as localizations 
of R on its prime ideals. 

Theorem 2.8. Let R be a Q-valuation ring for a simple algebra Q, finite di-
mensional over its center K. Then the following statements are true: 

(i) R n K = V is a valuation ring of K. 
(ii) The mapping (jJ(P) = PnK is an injective mapping from the set spec(R) 

of prime ideals of R onto spec( V) . 
(iii) The mapping If/(S) = S n K from the set of rings S with R ~ S ~ Q 

is an injective mapping onto the set of rings between V and K. 
(iv) The set C(P) of elements in R which are regular mod P is an Ore set 

in R for P in spec(R). The localization Rp exists and Rp = RVrp(Pl . 
(v) The mapping X(P) = Rp is an injective mapping from spec(R) onto 

the set of rings between Rand Q. 

3 

Let Q be a central simple algebra over the center K with [Q: K] = nand 
V a valuation ring in K. We want to show that there exists a Q-valuation ring 
R with R n K = V. This result was proved by Dubrovin in [10]; our proof is 
influenced by this proof, but differs in some essential points. 
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Lemma 3.1. Let R be a valuation ring in the simple artinian ring Q and q an 
element in Q not in R. Then there exists j in J(R) with qj in R\J(R). 

To prove this assume qJ(R) n R ~ J(R). If qm is not in R for some m 
in J(R) then qmr E R\J(R) for some r in R-a contradiction. We have 
qJ(R) ~ J(R) and q E 0e(J(R))-a contradiction to Lemma 2.5. 

This result is used to show that certain subrings of a Q-valuation ring Rare 
again Q-valuation rings, which in tum will be used in an induction argument 
to prove the main result. 
Lemma 3.2. Let R be a Q-valuation ring in the simple artinian ring Q and S 
a subring of R with S:2 J(R). If 8 = SjJ(R) is an RjJ(R)-valuation ring 
then S is a Q-valuation ring. 
Proof. Let 'I' be the canonical homomorphism from S to Sj J(R) and denote 
rp-'(J(SjJ(R)) by M. 

We have S j M ~ 8 j J (8) which is simple artinian since 8 is a valuation 
ring. 

Next, let q E Q\S. If q E R\S then there exists s in S with rp(q)rp(s) = 
rp(r) where r is in S\M and 'I' is extended to R to denote the mapping 
modulo J(R). The element qs - r is contained in J(R) and qs E S\M 
follows. If q E Q\R, then by Lemma 3.1 there exists j in J(R) with qo = 

qj E R\J(R). We can assume that 8 = SjJ(R) # RjJ(R) = R = (DO)m for 
a division ring Do. By Theorem 2.4 there exists a regular element d in R 
with d-'8d = (TO)m for a Do-valuation ring To, and d-' Md = (J(TO))m 
follows. Since d-'(jod # 0 in R = (DO)m' there exists an element r, in R 
with d-'(jodd-',\d = d-'(jot\d 1:. (J(TO))m and hence (jor, E R\M. By 
the above argument there exists an element s in S with qjr,s E S\M and 
jr,s E S; it follows that S is a Q-valuation ring. 

We need one more technical lemma. 
Lemma 3.3. Let Q be a finite dimensional simple algebra over its center K and 
V a valuation ring of K . Assume that R is a Q-valuation ring with RnK = V. 
Then there exists for any q in Q a nonzero element v in V with qv in R. 
Proof. We assume first that Q is a division ring and q 1:. R. Then there 
exists r (# 0) in R with qr E R\J(R). Let f(x) E V[x] be a polynomial 
of minimal degree in V[x] with f(r) = 0, f(x) = anxn + ... + a,x + ao' and 
ao # o. We have qao = -qr(anrn-' + ... + a,) E R. 

If now Q = (D)n ' then we can assume R = (T)n' TaD-valuation ring, 
q = (qi) , qij E D (Theorem 2.4). Applying the first part of the proof there 
exists v in V, v # 0, with qij vET for all i, j and qv E R follows. 

The next result shows that rank 1 valuation rings in K can be extended. 
Lemma 3.4. Let Q be a simple algebra finite dimensional over its center K, V 
a maximal (i.e. rank 1) valuation ring of K. Then there exists a Q-valuation 
ring R with R n K = V. 
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Proof. Let K be the completion of K with respect to the valuation defined 
by V (i.e. with respect to the topology defined by the ideals of V) and denote 
with V the corresponding completion of V. Then C = Q ® K K is a finite 
dimensional central simple algebra over K [24] and we identify V, K ,K and 
Q with their canonical images in C = QK . There is an isomorphism (fJ from 
C onto (D)n for some division ring D and (fJ(K) is a subfield of D. 

By a well-known result [26, p. 53] there exists a total valuation subring T 
of D with Tn (fJ(K) = (fJ(V) and S' = (T)n is a (D)n-valuation ring with 
S'n(fJ(K) = (fJ(V). We denote (fJ-I(S') by Sand S isa C-valuationringwith 
SnK = V. 

We denote S n Q by Rand J(S) n Q by M and want to show that R is 
a Q-valuation ring with R n Q = V. We claim first that R + J(S) = S. 

The left-hand side is clearly contained in S. Let s E Sand 

By Lemma 3.3 there exists 0 =I- a in V with qja E J(S). Since K is dense 
in K, there exist elements k; in K with D(kj - k;) :::; fJ(a) where fJ is the 
valuation corresponding to V. We obtain 

s = L qjk; + L qj(kj - k;) where L qj(kj - k;) is in J(S), 

I:: qjk; is in Q and also in S and hence in R, which proves the claim. 
We apply this and obtain 

R QnS ~ (QnS)+J(S) S 
M Q n J(S) J(S) J(S) 

is simple artinian. 
Let q be in Q\R, then q E C\S and s exists in S with qs E S\J(S). As 

before: s = I::~ qlj' qj E Q, kj E K. By Lemma 3.3 there exists an element 
o =I- a in V with qqja, qja E J(S) for all i. Further, there exist elements k; 
in K with fJ(k; - k j) :::; fJ(a). 

We have s = I:: qjk; + I:: qj(kj - k;) where the first sum is an element in QnS 
and the second an element in J(S). Hence, q I:: qjk; = qs - I:: qqj(kj - k;) is 
in (QnS)\(QnJ(S» since the last sum is in J(S) and qs is in S\J(S). We 
conclude that R = Q n S is a Q-valuation ring with R n K = V . 

This last lemma can be applied immediately to prove the next result in case 
the valuation ring V in K has a minimal prime ideal P. 

Lemma 3.5. Let Q be a finite dimensional central simple algebra over K, V 
(=I- K) a valuation ring of K. Then there exists a Q-valuation ring R with 
R =I- Q and R n Q 2 V . 
Proof. If V contains a minimal prime ideal P one localizes V at P, applies 
Lemma 3.4 and obtains the result. We now assume that V does not contain a 
minimal prime ideal. 
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Let {ml' m2 , ••• ,mn } be any K-basis of Q with m l = 1. We have 
mjmj = 2:.ajjlml' ajjl E K, and an element 0 =I- c exists in K with cajjt E V 
for all i, j, t. Consider the K-basis {1, a2, ... ,an} with aj = cm j , i = 
2, ... ,n. 

We now use the following result of Azumaya [2, Theorem 12]: A K-algebra 
A with basis {ai' ... ,an} over K is centrally simple over K if and only if 
the n x n matrix N = (c j) , Cjj = ajaj has an inverse in (A)n. 

If we apply this result to Q and the basis {1, a2 ' ... ,an} as above we obtain 
an inverse N- I = (hi) of N in (Q)n· We have hi) = 2:.t Pijtat with Pijt in 
K, a l = 1. Since V has no minimal prime ideal there exists a localization 
V' =I- K of V with Pijl E V' for all i, j , t. We denote with M' the maximal 
ideal J(V') of V'. Then R = 2:.7=1 V'ai is a subring of Q and M = 2:.M'ai 
is an ideal of R. It follows that {ai' ... ,an} is a V'IM'-basis for RIM and 
the matrix N = (ci) has an inverse in (RIM)n-where the bar denotes the 
mapping modulo M. By the above-mentioned result of Azumaya it follows 
that RIM is simple artinian. Finally, for each q in Q\R there exists an s in 
V' with qs E R\M-R is a Q-valuation ring with R n Q;2 V and R =I- Q. 

Lemma 3.6. Let D he a division ring with center K and [D : K] = n. Let 
V he a valuation ring in K, BI and B2 two distinct total valuation rings in D 
with Bin K = V = B2 n K. Then 

[!I : ~] + [:;2 : ~] 5 n where J(Bi) = Mi ,J(V) = M. 

To prove this, observe that Bi i Bj using Theorem 2.8. We will give a direct 
proof without applying this result. If BI :> B2 then BI :> B2 :> M2 :> MI and 
M2 ,MI are completely prime ideals in B2. 

Let m2 E M2 \MI and elements Vi exist in V, not all in M, with 

It follows that Vo = -m2(v l + v2m2 + ... + vkm;-I) E M2 n K = M, hence 
Vo E MI and VI + v2m2 + ... + vkmZ- 1 E MI C M2. As before, VI E M2 nK = 
M ~ MI . Iterating this process leads to the contradiction Vi E M2 for all i. 

This shows that Bi i Bj . Therefore, there exists x; E BI ,x; f/. B2. We can 
assume that x; is not in M I , otherwise replace x; by 1 + x;. The element 
XI = X;-I is then contained in BI \MI and in M2. Similarly, there exists an 
element x2 E (B2 \M2) n MI . 

Let al , ... ,a, be in BI such that {a j + Mlli = 1, ... ,r} is a basis of 
BII MI over VIM. We can assume that al B2 ;2 aiB2, i = 1, ... ,r and after 
replacing a i by x I a ~ I a j we can assume that the a i are all in M2. 

Similarly, we can find a basis {h j +M2U = 1, ... ,s} for B21M2 over VIM 
with hj E B2 n MI· 
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If the set {ai' ... ,a" b l ' ••• ,bJ is linearly dependent then there exists an 
equation Lwiai + Lw~bj = 0, Wi'W~ E V, not all in M. This leads to a 
contradiction. 

Lemma 3.7. Let Q be a central simple algebra over K with [Q: K] = nand 
R a Q-valuation ring with R n K = V, V a valuation ring of K. Then 
[RjJ(R) : VfJ(V)] ~ n. 

It is only necessary to observe that {rili = 1, ... ,t}, ri in R, is linearly 
independent over K if {ri + J(R)li = 1, ... ,t} is a basis for Rj J(R) over 
VjJ(V) . 

We can now prove the main result of this section. 

Theorem 3.8. Let Q be a simple algebra with center K and [Q : K] = n and V 
a valuation ring in K. Then there exists a Q-valuation ring R with RnK = V. 

Proof by induction on n, where the case n = 1 is trivial. In the general case 
let .9f' be the set of all Q-valuation rings R in Q with Q =I- Rand RnK :2 V . 
(We can assume that V =I- K .) 

The set .9f' is not empty by Lemma 3.5. We assume first that there exists a 
ring R in .9f' with RjJ(R) ~ (DO)m and Do a division ring, m > 1. Then 
we can assume RjJ(R) = (DO)m and obtain, using Lemma 3.7, 

[DO: J~~~K] < [J~) : J~~~K] ~ n. 

We have RnK:2 V:J J(V):2 J(R)nK = J(RnK). By induction there exists 
a Do-valuation ring To with 

( RnK ) V S 
To n J(R) n K = J(R) n K and (TO)m = J(R) 

is an extension of Vj(J(R) nK) in RjJ(R) for a subring S of R with S:2 
J(R). By Lemma 3.2 it follows that S is a Q-valuation ring and S n K = V. 

We must now consider the case where J(R) is completely prime in R for 
every R in .9f' . It follows (Lemma 2.2, Theorem 2.4) that Q = D is a division 
ring and R is a total valuation ring in D for every R in .9f' . 

If there exists an R in .9f' with 

[ R RnK] . 
J(R) : J(R) nK < n 

we can use induction to extend Vj(J(R) n K) to RjJ(R) and obtain with 
Lemma 3.2 a D-valuation ring S with S n K = V . 

We are left with the case that all R in .9f' are total valuation rings and 

[ R RnK] . , 
J(R):J(R)nK =n forallRm.9f. 

We will prove below that then RI ~ R2 or R2 ~ RI for any RI , R2 E .9f' . 
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Assuming this fact let Ro be the intersection of all Ri in gz' and Ro is the 
minimal element in gz' . If Ro n K ::) V , then 

Ro RonK V 
J(Ro) ::) J(Ro) n K ::) J(Ro) n K 

and by Lemma 3.5 an RojJ(Ro) valuation ring SjJ(Ro) f. RjJ(Ro) exists 
with 

_S_ n Ro n K::) V 
J(Ro) J(Ro) n K - J(Ro) n K 

and Ro ::) Sand S n K ;2 V is a contradiction. 
To prove the above claim let R I ' R2 E gz' and we can assume that R InK ~ 

R2 n K (these rings are overrings of V). We will show that RI ~ R2 . 
The ring (R2nK)RI is an overringof R I . We show that (R2nK)RlnK= 

R2 n K. Let Sl r l + S2r2 + ... + s/t = k E K with Si E R2 n K, ri E RI for 
all i. If k tf. R2nK then k- I and hence k-\EJ(R2nK)~J(RlnK),a 
contradiction, since then L.k-Isiri = 1 E J(R). We can apply Lemma 3.6 to 
BI = (Rz n K)RI and B2 = R2 and obtain BI = B2 and RI ~ Rz · 

4 
In this section let D be a division ring finite dimensional over its center K 

and V a valuation ring in K. Let gz be the set of D-valuation rings R with 
RnK = V and we know by Theorem 3.8 that Igzl;::: I. We show that Igzl = 1 
if gz contains an invariant total valuation ring and that every element in gz 
is total if one of them is. 

Lemma 4.1. Let D be a division ring finite dimensional over its center K. Let 
V be a valuation ring oj K. Assume that the set gz oj extensions oj V in D 
contains an invariant total valuation ring B, then gz = {B}. 

For a proof assume that R is a D-valuation ring with RnK = V . We want to 
show that R = B and claim first that J(R) ~ J(B) . To prove this let 0 f. m be 
an element in J(R) and let J(x) = xn +an_Ixn- 1 + .. '+alx+ao be the minimal 
polynomial of mover K. Assume that m - I is in B hence integral over V 
[5, Theorem 3]. This implies that xn + a~lalxn-1 + ... + a~lan_Ix + a~1 = 
g(x) is the minimal polynomial of m -lover K and a~ I ai E V follows for 
i = 0, ... ,n with an = 1. Using J(m) = 0 we obtain 

-I n -I n-I -I ao m +ao an_1m + ... +ao aim = -1 E J(R), a contradiction. 

Hence, m- I tf. B which implies mE J(B) and J(R) ~ J(B) follows. Next, 
assume that B f. R. Then Band R are two distinct D-valuation rings which 
are extensions of V and by Theorem 2.8 it follows that R i. B. Let r E R, 
r tf. B. If [D : K] = n then 1, r , r2 , ... , rn are linearly dependent over K 
and elements ki exist in K, not all zero, with L.~ k/ = O. Hence, there exist 
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j > i with k/ =I- kjrj and k/ B = k/j Band rj- i B = kj- I kiB follows, i.e. 
rl B = kB for t = j - i and an element k in K. 

Since r ~ B, we have / ~ B, k ~ Band k- I E J(B) n K = J(R) n 
K = J(V). The element k- I / is a unit in Band k- I / ~ J(B). But 
k-1rl E J(R) ~ J(B), a contradiction that proves R = B. 

Corollary 4.2. Let D be a finite dimensional division algebra over its center K. 
Assume that K is complete with respect to a rank 1 valuation with corresponding 
valuation ring V. Then there exists exactly one D-valuation ring R with R n 
K= V. 

Proof. It follows from [26, p. 53] that there exists an invariant total valuation 
ring B of D with B n K = V and the statement follows from Lemma 4.1. 

The next result deals with the case that the set 91 of extensions contains a 
total valuation ring. 

Theorem 4.3. Let D be a division ring finite dimensional over its center K and 
V a valuation ring in K. Assume that the set 91 of extensions of V in D 
contains a total valuation ring B. Then every extension R in 91 is a total 
valuation ring. 

Proof. We use induction on n = [D : K] and the case n = 1 is trivial. In the 
general case assume first that B is the only total valuation ring extending V. 
Then B is also invariant and the result follows from Lemma 4.1. 

If we assume that B is not the only total valuation ring in 91 , there exists 
[5, Lemma 4] an invariant total valuation ring T in D, T =I- D, that contains 
all total valuation rings in 91 . Let R be an arbitrary element in 91 . It follows 
from Theorem 2.8 that there exists in R a prime ideal P with Pn V = J (T) n V 
and a D-valuation ring RI 2 R with J(R 1) = P and RI nK = TnK. Since 
T is invariant, Lemma 4.1 implies T = R I and P = J (T). The division ring 
T/J(T) contains R/J(T) and B/J(T) as T/J(T)-valuation rings which are 
extensions of V / (J (T) n K) . 

By Lemma 5 in [5] and our assumption it follows that (T n K)/(J(T) n K) 
is properly contained in the center Z of T / J(T) and [T / J(T) : Z] < n. 

The intersection R/ J (T) n Z is a valuation ring of the commutative field 
Z. Again by Lemma 5 in [5] it follows that the separable closure S of (T n 
K)/(J(T) n K) in Z is a Galois extension such that the (T n K)/(J(T) n K)-
automorphisms of S are induced by inner automorphisms of D. 

Hence, there exists an element 0 =I- d in D with (dBd-I/J(T)) n Z = 

(R/ J(T)) n Z and dBd- 1 / J(T) is an extension of R/ J(T) n Z which is a 
total valuation ring in T/J(T). By induction R/J(T) is a total valuation ring 
in T / J (T) , the ring T is total and hence R is total which proves the theorem. 
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5 

It is shown in this section that the elements in the set .9f of Q-valuation 
rings R with R n K = V are conjugate in Q if Q is a simple algebra finite 
dimensional over its center K and V is a valuation ring of K of finite rank. 

The rank 1 case is proved by using the completion of Q with respect to the 
topology given by the finitely generated ideals in a Q-valuation ring R. A norm 
can be defined on Q that extends the valuation of K given by V. 

Let Q be a central simple algebra finite dimensional over its center K. Let 
R be a maximal Q-valuation ring and it follows from Theorem 2.8 that this is 
the case if and only if (0) and J(R) are the only prime ideals in R if and only 
if RnK = V is a maximal (Le. rank 1) valuation ring in K. Denote with v the 
corresponding valuation of K whose value group is isomorphic to a subgroup 
of (IR+ , 0) the ordered group of positive real numbers under multiplication. 

If I is a finitely generated R-ideal in Q, then 0e(I) = R = 0,(1) and 
I = rR = Rr for some regular element in Q (Propositions 2.6 and 2.7). It 
follows that the set G = {rRlr regular in Q and rR = Rr} is an ordered 
group. 

We show that G can be considered as a subgroup of (IR+, 0) by checking 
the archimedian property for G: Let sR, s'R E G, sR, s' R ~ J(R). By 
Proposition 2.6 there exist natural numbers nand n' and k, k' in J(V) 
with sn R = kR, s,n'R = k'R. But V is maximal and there exists m with 
k m E k'V ~ k'R and snm R = kmR ~ k'R = s,n'R ~ s'R follows. 

The mapping N from Q to G = Gu{O} defined by N(q) = RqR considered 
as element of G has the following properties: 

(i) N(q) = 0 if and only if q = o. 
(ii) N(kq) = v(k)N(q) for 0 =I k in K, q in Q. 
(iii) N(q + q') ~ max{N(q), N(q')}. 
The mapping N defines a norm on Q, which is a topological vectorspace 

with respect to N and v. In addition, the following property holds: 
(iv) N(qq') ~ N(q)N(q') for q and q' in Q and Q is a topological ring. 
Let Q be the completion of Q with respect to N (Le. Q = QIA where 

Q is the ring of all Cauchy sequences and A is the two-sided ideal of all null 
sequences in Q). We also say that Q is the completion of Q with respect to 
R. Let K be the completion of K with respect to v and we consider K as a 
subring of the center of Q. 

Let 0 =I q E Q, q = (a j ) +A, (a j ) ¢. A. Then there exists a natural number 
no with 

N(an ) = N(ao) > 0 for all n ~ no. 

We define N(q) = N(ao) , N(O) = 0 and N defines a norm on Q considered as 
vectorspace over K, in fact N satisfies (i)-(iv) for Q and K. The restriction 
of N to K is a valuation fJ that extends v and K is complete with respect 
to fJ. Q and K can be considered as subrings of Q and the mapping 



EXTENSIONS OF VALUATION RINGS IN CENTRAL SIMPLE ALGEBRAS 299 

t;O(E(gi 0 k)) = E qiki defines an K-algebra homomorphism from Q 0 K K 
to Q and t;O is injective since Q ° K K is a simple K -algebra. The image 
QK of t;O is a finite dimensional vector space over the complete field K and 
N induces a norm on QK. Every element q in Q can be considered as the 
limit of a sequence (ai) , aj in Q. But (a j) is also a Cauchy sequence in the 
complete K -vectorspace QK and hence has a limit in QK. This implies q 
in QK and shows that Q ° K K and Q are isomorphic; Q is a central sim-
ple algebra over K. The set R = {q E QIN(q) ~ N(l)} is a subring of Q 
and M = {q E QIN(q) < N(1)} is an ideal of R. Since Q is dense in Q, 
there exists for every q in R an element r in R with N(q - r) < N(l) and 
Rj M 2: Rj J (R) follows, i.e. Rj M is simple artinian. 

Finally, for each q E Q\R there exist r, r' in R with qr', rq E R\M since 
R is a Q-valuation ring and Q is dense in Q. 

We summarize the above results. 

Proposition 5.1. Let Q be a simple algebra, finite dimensional over its center K 
and R be a maximal Q-valuation ring with R n K = V. Then V is a rank 
1 valuation ring of K. If K is the completion of K with respect to V, then 
Q0K K is the completion Q of Q with respect to R and contains a Q-valuation 
ring R with R n Q = Rand R n K = V, the completion of V . 

We show in the next result that the extensions of a rank-l valuation ring V 
in the center K of a simple ring Q, [Q: K] < 00, are conjugate in Q. 

Theorem 5.2. Let Q be a simple algebra finite dimensional over its center K 
and V a rank-l valuation ring of K. Then any two Q-valuation rings Rand 
R' with R n K = V = R' n K are conjugate in Q. 
Proof. Let Q ;2 Rand Q' ;2 R' be the completions of Q with respect to R 
and R' respectively. By Proposition 5.1 we have Q 2: Q 0 K K 2: Q' and can - - - --, assume the following: Q = QK contains two Q-valuation rings Rand R 
with 

R n Q = R, R' n Q = R' , - - -, - -RnK=RnK=V. 
Further, QK 2: (L)n for some division ring L and we can assume QK = (L)n 
with L contained in QK and finite dimensional over its center K . 

By Theorem 2.4 there exist regular elements u, v E QK with uRu- 1 = (S)n' 
~ I" - - I -vR v- = (S)n where S ,S are L-valuation rings. Then SnK = uRu- nK = 

- - -, - -, I - ,- , R n K = R n K = vR v- n K = S n K and S = S by Corollary 4.2 which 
implies uRu- 1 = vR'v- 1 and dRd- 1 = R' for a regular element d in QK. 

Let {ql' ... ,qn} be a K-basis of Q and N the norm on Q induced by R. 

d = kl ql + ... + knqn with k j E K, qj E Q. 

Since K is dense in K there exist elements k; in K with 
, -I -I -I v(kj - k) < N(d ) N(q) for all j. 
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We have d = "q.k' + "q(k. - k') and L..J 11 L..J 1 I I 

We have 

and 

-I , 
::; N(d ) max{N(q)v(kj - k)} 

< N(d- I) max{N(qj)N(d-I)-1 N(q)-I} = 1. 

q = I:, qik; = d (1 - d- I (I:, qi(ki - k;))) E Q 

w = 1 - d- I (I:,qi(ki - k;)) 

is a umt m R. Hence, dRd- 1 = dwRw-1d- 1 = qRq-1 = R' for q in Q. 
Therefore, qRq-1 = q(R n Q)q-l = R' n Q = R' which proves Theorem 5.2. 

Before we can prove that the elements in 9l are conjugate in Q in case V 
has finite rank we need the following result: 

Proposition 5.3. Let Q be a simple algebra finite dimensional over its center 
K and V a rank 1 valuation ring in K. Let R be a Q-valuation ring with 
R n K = V and let Z be the center of R/ J (R) with S the separable closure of 
V/J(V) in Z. 

Then S is a Galois extension of V/J(V) and every V/J(V)-automorphism 
of S is induced by an inner automorphism of Q that maps R onto R. 
Proof. Let K be the completion of K with respect to (the topology given by 
the ideals of) V with V the completion of V and C = QK ~ Q ®K K ~ (D)n 
for some division ring D. Let rp be the isomorphism from C to (D)n and 
rp(K) is then the center of (D)n which can also be considered as the center of 
D. 

Since V is complete of rank 1, rp( V) has a unique extension B in D (Corol-
lary 4.2) and (B)n is a (D)n-valuation ring with (B)n n rp(K) = rp(V). 

We have 

J((B)n) = (J(B))n and (B)n/J((B)n) ~ (B/J(B))n' 

Hence, if A denotes the center of B/J(B) then A is isomorphic to the center 
of (B)n/J((B)n). 

Let S' be the separable closure of rp(V)/J(rp(V)) in A. Since B is an 
invariant total valuation ring of the skew field D, it follows that S' is a Galois 

........ -- """'........ , extension of rp(V)/J(rp(V)) and every rp(V)/J(rp(V))-automorphism of S is 
induced by an inner automorphism of D. ((2) in Lemma 5 in [5] remains true 
without the condition 1991 > 1 .) 

Ifwe denote with S" the separable closure of rp(V)/J(rp(V)) in the center 
of (B)n/J((B)n)-which is isomorphic to A-then S" is a Galois extension 
of rp(V)/l(rp(V)) and the rp(V)/J(rp(V))-automorphisms of S" are induced 
by inner automorphisms of (D)n that map (B)n onto (B)n. 
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The preimage Re = cp-I((B)n) is a C-valuation ring that extends V. The 
separable closure Se of V IJ(V) in the center of ReIJ(Re) is a Galois ex-
tension of V I J (V) and every V I J (V)-automorphism of Se is induced by an 
inner automorphism of C corresponding to an invertible element d in C with 
dRed- 1 = Re' 

In the last part of the proof of Theorem 5.2 it was shown that there exist q in 
Q and j in J(Re) with q = d(l - j) and q induces the same automorphism 
on ReIJ(Re) as d does. 

In the proof of Lemma 3.4 it is shown that Re n Q = R' is a Q-valuation 
ring and R' n K = V . From the remarks before Proposition 4.4 it follows that 
ReIJ(Re) and R'IJ(R') as well as VIJ(V) and VIJ(V) are isomorphic. 
The statement of Proposition 5.3 is therefore true for R' and hence for R 
which is conjugate to R' by Theorem 5.2. 

Theorem 5.4. Let Q be a simple algebra finite dimensional over its center K 
and V a valuation ring in K offinite rank. Then any two Q-valuation rings R 
and R' with R n K = R' n K = V are conjugate in Q. 

The theorem will be proved by induction on n, the rank of V , and the case 
n = 1 is just Theorem 5.2. 

Let T and T' be maximal Q-valuation rings that contain Rand R' re-
spectively (Theorem 2.8). Then Tn K = Vp = T' n K where P is the minimal 
prime ideal in V. Theorem 5.2 implies that T and T' are conjugate in Q, 
say qT'q-1 = T for some invertible element q in Q and qJ(T')q-1 = J(T) 
follows. 

The simple algebra Q = T I J (T) , which is finite dimensional over its center 
Z , contains the Q-valuation rings RI J (T) = Rand q R' q -I = q R' q -I I J (T) . 
Let S be the separable closure of K = Tn KI(J(T) n K) in Z. 

Z is a field and R n Z and qR' q-I n Z are two valuation rings in Z with 
(R n Z) n K = (qR' q-I n Z) n K. Since T is a maximal Q-valuation ring we 
can apply Proposition 5.3 and conclude that there exists a regular element r 
in Q with rTr- 1 = T such that CPr(qR' q-I n Z) = R n Z where CPr is the 
mapping induced on T I J (T) by the inner automorphism of Q corresponding 
to r. Hence, rqR'q-lr-lnZ=RnZ. 

----,-----;----;-

By induction, applied to Q, Rand rqR' q-I r- I there exists in T\J(T) an 
element a such that a is invertible in Q and arqR'q-lr-la-1 = R. This 
implies that a is invertible in Q and arq R' q -I r -I a -I = R . 
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